Yangian of the Queer Lie Superalgebra 



Maxim Nazarov 

Department of Mathematics, University of York, York YOl 5DD, England. 
0> I E-mail: mlnl@york.ac.uk 

0^ 



< 



a 



(N 

O 



Abstract. Consider the complex matrix Lie superalgebra fltjvijY with the standard 
generators Eij where i,j = ±1, ... , ±A^. Define an involutory automorphism r] 
of 0tjY|Ar by r]{Eij) = E^i^^j . The twisted polynomial current Lie superalgebra 

= {XHG0WM ■.r^{X{u))=X{-u)} 



has a natural Lie co-superalgebra structure. We quantise the universal enveloping 
algebra U(0) as a co-Poisson Hopf superalgebra. For the quantised algebra we give 
'5 \ a description of the centre, and construct the double in the sense of Drinfeld. We 

also construct a wide class of irreducible representations of the quantised algebra. 

1. Introduction 
(N, 

^ . In this article we will work with certain Lie superalgebras [K] over the complex field 

t;;-j- \ C . Their universal enveloping algebras are Z2 -graded associative unital algebras, 

and we will always keep to the following convention. Let A and B be any two 
associative complex Z2 -graded algebras. Their tensor product A ® B will be a 

G^ ■ Z2 -graded algebra such that for any homogeneous X,X' G A and y, y' G B 

<3\ ; 

-^i {X®Y){X' ®Y') =AA'®yy'-(-l)'^^s^''^^sV-, 

^' deg (A®y) =degA + degy. 

Throughout this article we will denote by 6 the isomorphism A ® B -^ B ® A 

^ ■ defined by 

^: A®y ^y®A-(-l)'^"sXdegy_ 

If the algebra A is unital denote by ip its embedding into the tensor product A®"^ 
as the p-th tensor factor: 

We will also use various embeddings of the algebra A®"^ into A®" for any m ^ n . 
For any choice of pairwise distinct indices pi , . . . , pm G { 1 , . . . , n } and an element 

X G A®"" of the form A = A^^) ® . . . (g) A('") we will denote 

Xp,...p^ = cp,{x('^) . . . cpjx(-^) e A^- . 

Let o be an arbitrary finite-dimensional Lie superalgebra. Then consider the 
polynomial current Lie superalgebra a[u] . It consists of the polynomial functions of 
a complex variable u valued in o . For any two such functions their supercommu- 
tator in a[u] is determined pointwise. Let K G a®^ be an a -invariant element: we 
have the equality [Ai + A2, K~\ = in a®^ for any Ago. Here a is regarded 
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as a subspace in the enveloping algebra U(a) and the square brackets stand for 
the supercommutator. Also suppose that K is of Z2 -degree zero and symmetric: 
K12 = K21 ■ Then the rational function 

(1.1) r{u,v) 



u — V 
of two complex variables u,v satisfies the classical Yang-Baxter equation for a[u] : 

(1.2) [ri2{u,v),ri3{u,w)] + [ri2{u,v),r23{v,w)] + [risiu,w),r23iv,w)] = 

in a®^ . This can be verified by momentary calculation. Furthermore, the function 
(1.1) is antisymmetric: 

ri2{u,v) +r2i{v,u) = 0. 

Therefore the co-supercommutator </? : a[u] -^ a[w]®^ = a®^[w, v] can be defined by 

(1.3) HX{u)) = [Xi{u)+X2{v),r{u,v)]. 

This definition makes a[u] into a Lie bi-superalgebra. In particular, if a is a simple 
Lie algebra and K is the Casimir element, one gets a natural Lie bialgebra structure 
on a[u] . It gives rise to a natural co-Poisson structure on the universal enveloping 
algebra U(a[w] ) , which is a co -commutative Hopf algebra by definition. The more 
general case of a simple Lie superalgebra a was considered in [LS] . 

Now consider the queer Lie superalgebra q^ . This is the most interesting super- 
analogue of the general linear Lie algebra glj^ , see for instance [S2]. We will realise 
q AT as a subalgebra in the general linear Lie superalgebra qIn\n ■ Let the indices 
i, j run through ± 1 , . . . , ± A^ . We will always write i — if z > and « = 1 if 
i < 0. Consider the Z2 -graded vector space C^\^ . Let e^ G C'^'^ be an element 
of the standard basis. The Z2 -gradation on C^'^ is defined so that deg e^ = t. 
Let Eij e End(C^I^) be the standard matrix units. The algebra End(C^I^) is 
Z2 -graded so that deg Eij = i + j . We will also regard Eij as generators of the 
complex Lie superalgebra bIatiat . The queer classical Lie superalgebra qN is the 
fixed point subalgebra in qI^in with respect to the involutive automorphism 

(1.4) r] : E,j ^ £;_,,_,• 

The queerness of q^ reveals itself in that all the symmetric qjv -invariants in 
q^ of Z2 -degree zero are trivial: for a = q^v we always have K E C-i?®^ where 



(1.5) E = Eii + E-i^-i + ... + Enn + E. 



N,-N ■ 



Hence in this case the co-supercommutator (1.3) vanishes and there is no natural 
Lie bi-superalgebra structure on qN[u] . However such a structure can be defined, 
in compensation, on the twisted polynomial current Lie superalgebra 

(1.6) = {X{u) e 0U1A.M : viX{u)) = X{-u) } . 

Our definition is based on the following general scheme [Al,A2,FR]. Let a, -ftT be 
arbitrary as above and uj be an automorphism of the Lie superalgebra a of finite 
order n. Let C, he a, primitive n-th root of unity. Generalising (1.1) put 

(1.7) riu.v) = > . 
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Proposition 1.1. Suppose that cu®^ {K) = QK . Then the function (1.7) is anti- 
symmetric and obeys the classical Yang-Baxter equation (1.2). 

Proof. The function r{u,v) determined by (1.1) satisfies the equation (1.2). Let us 
apply to the left-hand side of (1.2) with that r{u^ v) the operator id a; ^ a; ' in 
a®^ and substitute C,^ v ,C} ^ for v ,w respectively. Taking then the sum over /c, / G 
Tjn and using uj®'^ (K) = (K , we will obtain the left-hand side of (1.2) with the 
function r{u,v) determined by (1.7). For the latter function r{u,v) we also have 



>^ uj'^®id{K2i) _ y. 00"^ ® id [K] 
id®c^-""(K) 



^ u ^ — ' V — C'"- u 

m e Z„ me 1.71 



m E Z, 



c- 



= —r{ujv) D 



Note that for a simple Lie algebra a always iv ®^ (K) = K , and in compliance with 
[BD] this construction does not give any new solutions of (1.2) . Let a be the Lie 
superalgebra flt^ijv ^i-nd u be the involutive automorphism (1.4). The element 

(1.8) P = Y,E,,®E,,-{-iy 

of gl^jTv is symmetric and 0[^|jv -invariant. Moreover, we have rj®"^ {P) = —P . 
Due to Proposition 1.1 by setting K = P in (1.7) we get an antisymmetric solution 
of the Yang-Baxter equation (1.2). Therefore (1.3) defines a co-supercommutator 
(fi : Q ^> g®^ . Thus we obtain a Lie bi-superalgebra structure on g . 

For any simple finite-dimensional Lie algebra a , quantisation of the co-Poisson 
Hopf algebra U(a[w] ) was described in [Dl]. The quantised Hopf algebra is denoted 
by Y(a) and called the Yangian of the Lie algebra a. The algebra Y(a) contains 
the universal enveloping algebra U(a) as a subalgebra. However, the case a. = sIn 
is exceptional since only for a = sIn there exists a homomorphism Y(a) -^ U(ci) 
identical on the subalgebra U(o) , see [Dl , Theorem 9] . There is also a Hopf algebra 
Y(g[;Y) 7 which is a quantisation of the co-Poisson Hopf algebra U(gl;v['u] ) . Again, 
the algebra Y(0l;v) contains the enveloping algebra U(g[;v) ^^ ^ subalgebra, and 
admits a homomorphism Y(0l^) -^ U(0l;y) identical on U(g[;Y) • Moreover, the 
algebra Y(g[^) can be defined entirely in terms of the classical representation theory 
[01]. For further details on the Yangian Y(g[^) see [MNO] and references therein. 

The main aim of this article is to define the Yangian of the Lie superalgebra C{n . 
It cannot be defined as a quantisation of the enveloping algbra U(q7v['w] ) , because 
the latter Hopf superalgebra has no natural co-Poisson structure. Instead of (\n[u] 
we will consider the twisted polynomial current Lie superalgebra g . In Section 2 
we define a certain Hopf superalgebra Y(q7v, h) over the field C [[h]\ of the formal 
power series in h. The quotient Y(qAr, /i) / /i Y(q7v, /i) is isomorphic to U(g) as a 
co-Poisson Hopf superalgebra. All specialisations of Y(q7v, h) at /i G C \ {0} are 
isomorphic to each other as Hopf superalgebras. The specialisation at /i = 1 will 
be denoted by Y(qAr) and called the Yangian of Lie superalgebra qAr . Similarly to 
the Yangian Y(g[^) , the algebra Y(qAr) contains the enveloping algebra U(qAr) as 
a subalgebra, and admits a homomorphism Y(qAr) — > U(qAf) identical on U(qAr) . 
In Section 3 we describe the centre of the Z2 -graded algebra Y(qAr) . In Section 4 
we construct the double of this Yangian in the sense of [D3] . In Section 5 we study 
an analogue for Y(qAr) of the Drinfeld functor [D2] for the Yangian Y(gl^) . 
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2. Definition of the Yangian 

In this section we introduce the Yangian of the Lie superalgebra (\n . This is a 
complex associative unital Z2 -graded algebra Y(qAr) with the countable set of 

(s) 

generators T^- where s = 1,2, ... and i,j = ±1, ... , ±A^ . The Z2 -gradation 

on the algebra Y(qAr) is determined by setting deg T^j = z -f- J for s ^ 1 . To 
write down defining relations for these generators we will employ the formal series 

(2.1) T,j{u) = 5,j ■ l + T^pu-'+T^fu-^ + ... 

from Y(qAr)[['u~^]] . Then for all possible indices i, j and /c, / we have the relations 

(2.2) iu'-v')-[T,^{u),ni{v)]-{-iy~' + '^+~'^ = 
(u + v) ■ {Tkj{u) Tii{v) - Tkj{v) Tii{u)) - 

(u-v)- {T_k,j{u) T_,,i{v) - n, -j{v) T,,-i{u)) ■ (-1) ^ + ^ 

in Y(qN){{u~^,v~^)) . The square brackets here stand for the supercommutator. 
Moreover, for all possible indices i,j we impose the relations 

(2.3) T,j{-u)=T_,,.j{u). 

We will also use the following matrix form of the relations (2.2). Regard Eij as 
elements of the algebra End(C^I^) . Combine all the series (2.1) into the single 
element 

T{u) = J^E^J^T.jiu) 

ij 

of the algebra End(C'^l'^) ® Y(qAr) [[w~^]] . For any positive integer n and each 
s = 1 , . . . , n we denote 

(2.4) T,{u) = is®id{T{u)) e End (C^l^)®" ®Y(qA,) [[«-!]] . 

Regard (1.8) as an element of the algebra End(C^'^)®^ . Consider the element 

(2.5) J = J2E^,-^■{-lf 

i 

of the algebra End (C"^'^) , it has Z2 -degree one. Note that the supercommutant of 
this element in End (C"^'"^) coincides with the image of the defining representation 
qjv — ^ End (C-^'-^) . Introduce the rational function of two complex variables u , v 

(2.6) R(u,v) = l-^ + ^^^ = 

u — V u + v 

1 - V E,j ® Ej, ■ tlL _ \2 E,j ® £;_,■_, ■ tlL 

valued in the algebra End(C^I^)®^ . Then the relations (2.2) can be rewritten as 

(2.7) {R{u,v) ® 1) ■ Ti{u)T2{v) = T2{v)Ti{u) ■ {R{u,v) ® l). 
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Namely, after multiplying each side of (2.7) by u'^ — v^ it becomes a relation in the 
algebra 

End(C^I^)®2 ^ Y(q^) {{vT^ ,v-^)) 

equivalent to the collection of all relations (2.2). Also note that the function (2.6) 
satisfies the quantum Yang-Baxter equation for the algebra End(C^I^)®^(w, z;, ty) 

(2.8) Ri2{u, v) i?i3(w, w) R23{v, w) = R23{v, w) Risiu, w) Ri2{u, v) . 

Furthermore, consider (1.4) as an automorphism of the algebra End(C'^''^). 
The collection of all relations (2.3) is equivalent to the single equation 

(2.9) T] id {T{u)) =T{-u). 

Observe that by the definition (2.6) of i?(tt, v) we also have in End(C^'^)®^(t(., v) 

(2.10) r] ^ id {R{u,v)) =R{-u,v), 

(2.11) id® 1] {R{u,v)) = R{u,~v). 

We call the function (2.6) the rational R -matrix for the Lie superalgebra qAr . 

For any i,j put Fij — Eij + E^i^^j . Then we have the equality r]{Fij) — Fij 
in End(C^I'^) . We will also regard Fij as generators of the universal enveloping 
algebra U(qAr) . Due to (2.2) there is a homomorphism 

(2.12) Y(qAr) ^ U(qAr) : T,j{u) ^ 5,j - Fj,u-^ ■ {-!)'. 
The relations (2. 2), (2. 3) now imply that the assignment 

(2.13) F,^^-T^}^.{-iy 

defines embedding of Z2 -graded associative unital algebras U(qAr) -^ Y(qAr) . The 
fact that the homomorphism (2.13) has no kernel, is due to Theorem 2.3 below. 

The homomorphism (2.12) is identical on the subalgebra U(qAr) . It will be 
called the evaluation homomorphism for the algebra Y(qjv) and denoted by Tr^r . 
The element T{u) of the algebra End(C-^l-^) ® Y(qAr)[[w~^]] is invertible, we put 

i,j 

Then the relations (2. 7), (2. 9) along with the identity 

(2.14) R{u,v)R{-u,-v) = l 



{u — vY {u + vY 

imply that the assignment Tij{u) 1-^ Tij{—u) determines an automorphism of the 
algebra Y(q7v) • This automorphism is evidently involutive. 

We will use two different ascending Z-filtrations on the algebra Y(q7v) . They are 
obtained by assigning to the generator TJ^j the degree s or s — 1 respectively. The 
corresponding Z -graded algebras will be denoted by gr Y(qAr) and gr_Y(qAr) . Let 
Gj^j E gr_Y(qAr) be the element corresponding to the generator TJ^j G Y(qAr) . The 

algebra gr_Y(qAr) inherits Z2 -gradation from Y(qAr) such that deg G^j =i + j. 

Take the enveloping algebra U(g) of the twisted current Lie superalgebra (1.6). 

The algebra U{q) also has a natural Z2 -gradation: the Z2 -degree of the element 

(2.15) F^'^ =E,ju' + E_,,_^{-uy 

equals i + j for any s ^ . We have the following easy observation. 
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Proposition 2.1. The assignment for every s ^ 

(2.16) F^ ^ - G^^'^ . {-V)^ 

determines a surjective homomorphism U(0) -^ gr_Y(qAr) of TLi -graded algebras. 

Proof. The elements (2.15) generate the algebra U(0) . The defining relations for 
these generators can be written as 

(2.17) [F^:\Fi^] = SuF^^^^ - 4,F,f+^^ ■ (-l)(^+^")(^+^) + 

5,,-iF[]^;^ ■ {-ly - 6.k,j F,l!_Y^ ■ (_i)(^+^-)(^"+^) + ^ 

for all r, s ^ and 

(2.18) Fy^_^ = i-iy . f}:\ 

On the other hand, by (2.2) we obtain the relations in the algebra gr_Y(qAr) 

Sk,-jG[\+r'^ ■ (-1)^+'+^ _5_^^^g(^+;-i) . ^_if+i+s 



for r, s ^ 1 . Due to (2.3) 



G^l, = i-iy ■ G^f . 



Comparison of these relations to (2.17) and (2.18) shows that (2.16) determines a 
homomorphism lJ{g) — > gr_Y(qAr) . This homomorphism is surjective and preserves 
Z2 -gradation by definition D 

There is a natural Hopf superalgebra structure on Y(qAr) . Due to (2. 7), (2. 9) the 
comultiplication A : Y(q7v) -^ Y(q7v) <S> Y(qAr) can be defined by 



(2.19) T,j{u) ^ Yl T-k{u) ® Tkj{u) ■ (-1) 



{i:+k){j+k) 



where the tensor product is taken over the subalgebra C[[u ^]] in Y(qAr) [[u ^]] and 
the index k runs through ±1, . . . , ± A^. The counit e : Y(qAr) — ^ C is defined 
so that e : T^- ^' ^^ Q for every s ^ 1 . Then the assignment Tij {u) t-^ Tij {u) 
determines the antipodal map S : Y(qAr) -^ Y(qAr) . It is an antiautomorphism 
of the Z2 -graded algebra Y(q7v) • Note that Y(q7v) contains U(qAr) as a Hopf 
sub-superalgebra: by the definitions (2.13) and (2.19) for any F E qN we have 

A(F) = F®1 + 1®F, e{F) = 0, S{F) = ~F . 

The comultiplication (2.19) on the Z2 -graded algebra Y(qAr) allows us to define 
for any n = 1, 2, . . . a representation Y(q7v) -^ End(C'^l'^)®" depending on n 
arbitrary complex parameters zi, ... ,Zn. Indeed, by comparing (2. 8), (2. 10) to 
(2. 7), (2. 9) respectively we obtain that for any ^ G C the assignment 

(2.20) End(C^I^) ® Y(qAr) [[«"']] ^ End(C^I^)®2 [[^-i]] ; t{u) ^ R{u, z) 
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determines a representation Y(q7v) — * End(C^I^) . More explicitly, we have 

(2.21) t/;+^) ^ -{E^,z^ + E_^,_a-z)')-{-l)\ OO. 

When z = this representation Y(q7v) can be also obtained from the standard 
representation U(qAr) -^ End(C^I^) by virtue of the evaluation homomorphism 
(2.12). Now for any zi , . . . , Zn G C take the tensor product of the representations 
(2.20) of the algebra Y(qAr) with z = zi, . . . , z^. Due to (2.19) the respective 
homomorphism Y(q7v) -^ End(C^I^)®" is determined by the assignment 

(2.22) End(C^I^)®Y(qAr)[[w-^]] -^ End(C^l^)®("+^) [[w"^]] : 

T{u) ^ i?i2(w,2l) ...i?l,n+l(w,2n)- 

Proposition 2.2. Let the complex parameters zi, . . . , Zn and positive integer n 
vary. Then the kernels of all representations (2.22) of Y(qAr) have zero intersection. 

Proof. Take any finite linear combination of the products T- * . . .T- 7 ^ Y(q)v) 

with certain complex coefficients A, J'^J" • where the indices si, ... , s^, ^ 1 
and the number to ^ may vary. Consider the image of this combination under 
the representation Y(qAr) -^ End(C'^l^)®" determined by (2.22); it depends on 
Zi , . . . , Zn polynomially. Take the terms of this polynomial which have the maximal 
total degree in zi , . . . , Zn ■ Let A the sum of these terms and d be their degree. 
Consider the ascending Z -filtration on algebra Y(qAr) where the generator T^ * 
with s ^ 1 has degree s — 1 . Equip the tensor product Y(qAr)'^'^ with the ascending 
Z -filtration where the degree is the sum of the degrees on the tensor factors. Then 
by the definition (2.19) under the comultiplication Y(qAr) — * Y(qAr)®" we have 

T^f ^ Yl 1®^'^"^^ ® T^^f ® 1®^'""'') + lower degree terms , s ^ 1 . 
Therefore A E End(C^I^)'^'^ coincides with the image of the sum 

EA{si...Sm) Tpisi-l) I?(s™-1) . ('_1^m+Jl+...+J™ ^ TJ/ \ 

under the tensor product of the evaluation representations 



U(0)^End(C^I^):i^^"^ ^ E,^z' + E_,^_j{-zy , s^O 



is) 



at the points 2 = ^i , . . . , z^ G C ; see the definition (2.15) of the element F^^ G , 
and the formula (2.21) for the representation Y(q7v) -^ End(C^I^) corresponding 
to 2 G C . Due to Proposition 2.1 it now suffices to show that when zi , . . . , z^i G C 
and the positive integer n vary, the kernels of the tensor products of the evaluation 
representations of the algebra U(0) at z = zi^ . . . ^ Zn E C- have zero intersection. 
This will also imply that the homomorphism (2.16) is injective. 

The algebra U(0) is a subalgebra in the universal enveloping algebra of the Lie 
superalgebra gl7v|Ar[w.] . We will show that the intersection of the kernels of all finite 
tensor products of evaluation representations U(gl^|^[w]) -^ End(C'^l'^) , is zero. 
Denote by w^ the supersymmetrisation map in the tensor product {q\-n\nVA)'^^ 
normalised so that ro^ = w^ ■ We will identify the vector space (sfAr|Ar['u] )®'^ with 
S^^lAf [^1 , . . . , Un] where ui , . . . , Un are independent complex variables. 
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The vector space Bt^i^r is identified with End(C^I^) . Choose any hnear basis 
Xi , . . . , X4N2 in gt^ijv such that Xi = E as in (1.5). The element Xi G S^^iat is 
then identified with the operator 1 G End(C^I^) . Take any finite non-zero hnear 
combination of the elements 

(2.23) {Xa,u^-)...{Xa^u'-)e\J{Q[N\^[u]) 

where the indices si , . . . , s^ ^ and the number m ^ may vary. We assume 
that for every fixed m the elements 



Wm[Xa,u'^®...®Xa^u'-^) G (g^livM)®'" = End (C^l^)®- [til 



Ur 



are linearly independent. Further, we will suppose that in every product (2.23) the 
indices ai , . . . , ap > 1 for certain p ^ m while a^+i = . . . = am = 1 . We will 
also suppose that Sp+i , . . . , s^ > for some q ^ p , while Sq+i = . . . = Sm = ■ 

For any n^ p consider the tensor product z/ of the evaluation representations of 
the algebra U(0ljv|jv['u] ) at wi, . . . , Wn £ C. Let us denote by P the subspace in 

End(C'^l'^)®"' spanned by the vectors Xi,^ ® . . . (8^b„ where either the number of 
indices 6^ > 1 is less than p , or 6^ = 1 for at least one r ^ p . The image of (2.23) 
under z/ is a polynomial in wi , . . . , w^ valued in End(C^I^)®"^ , of the form 



(2.24) p\wp{Xa,u-'^ ® . . . ® Xay-) ® 1®(^-^) ■ II «'■ + ... + <'■) 



n^-q 



plus the terms valued in the subspace P C End(C^I^)®'^ . Here the tensor factor 
Wp[Xa-i^u^^ (g). . .(g)XapW*p) is regarded as an element of End(C-^l-^)®P [wi , . . . , Up] 
by identifying this algebra with {qIninI'^])'^^ ■ 

The numbers p for various products (2.23) from our linear combination may 
differ. Take those products (2.23) where the number p is maximal. For any n ^ p 
the images of the remaining products under u are polynomials in -ui , . . . , -u^ taking 
values in the subspace P C End(C^I^)*^'^ . But a non-zero linear combination of 
the polynomials (2.24) with the maximal p , cannot vanish identically for all n ^ p 
by Poincare-Birkhoff-Witt theorem [MM, Theorem 5.15] for Lie superalgebras D 

In the course of the proof of Proposition 2.2 we established that the homomorphism 
(2.16) is injective. Together with Proposition 2.1, this yields the following result. 

Theorem 2.3. Z2 -graded algebras U{q) and gr_Y(qAr) are isomorphic via (2.16). 

Let us now return to the first Z -filtration on the algebra Y(qAr) . Let t^J be the 
element of the algebra gr Y(qAr) corresponding to the generator T^j G Y(qAr) . The 
algebra gr Y(qAr) inherits Z2 -gradation from Y(qAr) such that deg t^j =t + j. 

Corollary 2.4. The algebra gr Y(qAr) is supercommutative with free generators 
tjj and tl_- where s = 1 , 2 , ... and z, j = 1 , . . . , iV . 

Proof. The Z -graded algebra gr Y(qAr) is supercommutative due to the relations 
(2.2). Moreover, by (2.3) for any s ^ 1 we have the relation t_l _■ = (— l)*tj? . 

(s) 

The supercommuting generators t^- with z > are free due to Theorem 2.3 D 
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To finish this section let us show that the Hopf superalgebra Y(qAr) provides a 
quantisation of the co-Poisson Hopf superalgebra U{q) in the sense of [Dl]. Let 
/i be a formal parameter. Take the tensor product C[[/i]] Y(qAr) where h has 
Z2 -degree zero. Denote by Y(qjv, h) the unital subalgebra in this tensor product, 



isomorphism of Z2 -graded algebras Y{(\n, h)/ hY{qN, h) -^ U(0) can be defined by 



generated by all the elements H^- = T^ h^~ with s ^ 1 . Due to Theorem 2.3 an 



(2.25) H^f + hY{q^,h) ^ - F^r'^ ■ {-ly , 

see (2.15). Let us extend the comultuplication A to Y(qAr, /i) by C[[/i]] -linearity. 
The definition (2.19) implies that the assignment (2.25) defines an isomorphism of 
Hopf superalgebras. Let ifj : Y(qAr, h) — > U(0) be the composition of the projection 
Y(qAr, h) -^ Y(qAr, h)/ hY{qN, h) with the isomorphism (2.25). 

Now let us consider the co-supercommutator ip : q -^ g®^ C flf^AriArM ® fll^AriArff^] 
determined by (1.3), where according to (1.7) we put 

(2.26) r(w, v) = Y\ E,j ® E^, ■ ^ ^ + V E,j ® E.,- _, ■ ^-^ . 

Extend </? to the co-Poisson bracket U(0) -^ U(g)®^. Denote this extension by 
the same letter </? . Further, denote by A° the composition of the comultiplication 
A on Y(qAr, /i) with the involutive automorphism 6 of the algebra Y(q7v,/i)®^, 
defined in the beginning of Section 1. To show that Y(qAr, h) is a quantisation of the 
co-Poisson Hopf superalgebra U(0) it remains to prove the following proposition. 

Proposition 2.4. For any element X G Y(qAr,/i) we have the equality 

(2.27) (V' ^) ((A(X) - A° {X))/h) = ^{i^iX)) . 

Proof. If suffices to verify the equality (2.27) for the generators H^^^ of the algebra 
Y(qjv, h) . By the definitions (2.25) and (1.3), (2. 26) for s ^ 1 we have in V{q)'^^ 

E {Ff' ^ F^r-'^ ■ (-i)(^+^+i)o-+^) - F^r'^ Ff--'^ . (-1)^-+^) . 

l^r^s-l 

On the other hand, by the definition (2.19) for any s ^ 1 we have in Y(q7v, /i)®^ 

l<r<s-l 



^{Hif)=Hif^l + l^H^f+ Y: h-H^;^®H[ 



Thus using again the definition (2.25) we get the equality (2.27) for X — H^'j D 

3. Centre of the Yangian 

In this section we will give a description of the centre of the Z2 -graded algebra 
Y(qAr) . By definition an element of Y(qAr) is central if it supercommutes with any 
element of Y(qAr) . However, we will see that the centre of Y(qAr) consists of even 
elements only. We will use some arguments from [MNO, Proposition 2.12]. 
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Let T be the antiautomorphism of the Z2 -graded algebra End(C^I^) defined 

by the assignment 

ij^^. ^£;^,.(_lf(J+i) 

for any i and j . Introduce the element of the algebra End(C-^l-^) ®^ 

Q = id ® r (P) = ^ E,j ® E,j ■ (-1)'^'. 

Denote ^ 

f{u) = r ®id(T(w)) G End(C^I^) ® Y(q^)[[tx-i]]. 

The following construction of central elements in Y(q7v) goes back to [Nl, Section 1] . 
Proposition 3.1. For a certain element Z{u) G Y(qAr)[[w~"'^]] we have the equality 

(3.1) {Q®l)-Ti{u)f2{u)=Q®Z{u) 

in the algebra End(C-^l-^)®^ (X> Y(qAr)[[t(.~"'^]] . The coefficients of the series Z{u) 
are of Z2 -degree zero and belong to the centre of the algebra Y{c[n) ■ 

Proof. Introduce the rational function R{u,v) = id® t {^R{u^v)) valued in the 
algebra End(C^I^)®^ . One can directly verify the identity 

R{u,v) R{—u,—v) = 1. 

By making use of this identity we derive from (2.7) the relation 

(3.2) {R{-u, -v) ® 1) ■ Ti{u) T2{v) = T2iv) Ti{u) ■ {R{-u, -v) ® l) . 

Let us multiply each side of this relation hy u — v and then put u = v . We obtain 

(g ® 1) ■ Ti{u) T2{u) = T2{u) Ti{u) ■ (g ® 1) . 

Since the image of the endomorphism Q G End(C^I^)®^ has dimension one, we 
get the first statement of Proposition 3.1. Since Q has Z2 -degree zero, the equality 
(3.1) shows that every coefficient of the series Z{u) has Z2 -degree zero in Y(qAr) . 
Let us now work with the algebra End(C^I^)®'^ ®Y{c[n)[[u~^,v~^]] . Using 
the relations (2.7), (3.2) and the definition (3.1) we get the equalities 

(3.3) (Q23 Risi-u.-v) Ri2{u, v)®l)- Ti{u) T2{v) T^{v) = 
{Q23 ® 1) ■ T2{v) fs{v) Ti{u) ■ {Risi-u, -v) Ri2{u, v)®l) = 

{Q23 ® Z{v)) ■ Ti{u) ■ {Risi-u, -v) Ri2{u, v)®l). 

On the other hand, by (2.14) we have the identity in End(C^I^)®'^(w,t') 

/I 1 

Rl3{-U,-v)P23Rl2{u,v) =P23 ■ 1 - 7 ^ " 7 ] ^ 

Q23 Risi-u, -v) Ri2{u,v) = Q23 ■ ( 1 



Due to the latter identity we obtain from (3.3) the equality 

Ti{u) ■ Q23 ® Z{v) = Q23 ® Z{v) ■ Ti{u). 

Hence every coefficient of the series Z{v) commutes with any generator T^ * of 
the algebra Y(qAr) D 



YANGIAN OF THE QUEER LIE SUPERALGEBRA 11 

Let US consider the square S^ of the antipodal map. It is an automorphism of 
the Z2 -graded algebra Y(qAr) . Here is an alternative definition of the series Z{u) . 

Proposition 3.2. We have S"^ {Tij{u)) = Tij{u) • Z~^{u) for all indices i and j . 

Proof. Definition (3.1) is equvalent to the collection of relations in Y(q7v)[['U~^]] 

(3.4) ^ Tij{u) fki{u) = Z{u) 5jk . 

i 

On the other hand, by the definition of the anipodal map S we have the relations 

(3.5) Yl TUu)S[T,,{u))-{-l)^'^~'^^'^^^ = 5,,. 

i 

By applying the antiautomorphism 5" to each side of the latter equality we get 

y^ S'^{Tij{u)) Tki{u) = djk- 

i 

By comparing the last equality with (3.4) we prove Proposition 3.2 D 
Corollary 3.3. We have the equalities of formal series in u~^ 

A{Z{u))=Z{u)®Z{u), e{Z{u))=l, S{Z{u))=Z-^{u). 

Proof. Let 6 be the involutive automorphism of the algebra Y(qAr) ® Y(qAr) as 
defined in the beginning of Section 1. Since /S.oS = 6o{^S®S)o/S. we get 

A(4(ti)) = Y, Tkj{u)®f,k{u) 
k 

from the definition (2.19). Now by using (2.19) again we obtain the first equality in 
Corollary 3.3 from (3.4). The second equality follows directly from (3.4). To obtain 
the third equality in Corollary 3.3 apply the the antiautomorphism 5" to each side 
of (3.4) and then use (3.5) along with Proposition 3.2 D 

Observe that due to the relations (2.3) we have Z{—u) = Z{u) . Thus 

for certain central elements Z^'^\ Z^ \ . . . G Y(q7v) . We have the following theorem. 

Theorem 3.4. Elements Z^'^\ Z^^\ . . . are free generators of the centre of Y(qAf) . 

We will present the main steps of the proof as separate propositions. We will make 
use of the second ascending filtration on the algebra Y(qAr) . Take the element 
G^- of the Z -graded algebra gr_Y(q7v) corresponding to generator T^^ G Y(qAr) . 
Denote 

i 

Note that by the relation (2.3) here G^^> = if the number s is even. Theorem 2.3 
provides an isomorphism between gr_Y(q7v) and the enveloping algebra U{q) of 
the Lie superalgebra (1.6). In particular, the elements G^^\G^^\... G gr_Y(qAr) 
are algebraically independent. 
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Proposition 3.5. For any index s = 2, 4, . . . the element of the algebra gr_Y(qAr) 
corresponding to Z^^^ E Y(qAr) is (s — 1) • G^^~^') . 

Proof. Amongst other relations the collection (3.2) contains the equality 

_ (—1)'' ~ ~ 

[Tij{u),Tj,{v)] = —— Y^ {Tkj{u)Tjk{v)-Tki{v)T,k{u)) 

ill u 

k 

for any indices i and j . The square brackets here stand for the supercommutator. 
By performing summation in this equality over the index i we get 

^^ Tij{u) Tji{v) = 1 - y^ Tki{v) Tik{u) 



^-^ •' •' ^-^ u — V 

i i,k 

By setting u equal to v in the latter equality we obtain due to (3.4) that 
(3.6) Z{v) = l-Y. ^fc'(^) ^^'t(^) ■ (-1)' 

i,k 

where 

is the first derivative of the formal series Tik{v) with respect to the parameter v . 
By the definition of the second filtration on Y(q7v) the element of the Z -graded 
algebra gr_Y(q7v) corresponding to the coefficient at v~^ in the expansion of the 
right hand side of (3.6) is (s — 1) ■ G^^~ "> whenever s ^ 1 D 

To prove Theorem 3.4 it suffices to show that the elements G^^\ G^^\ . . . generate 
the centre of gr_Y(qAr) . By Theorem 2.3 this means that for the element E G qN 
defined by (1.5), the elements E.Ev? ,Eu^, . . . G g generate the centre of the 
Z2 -graded algebra U(0) . 

To prove the latter statement we will consider the following general situation. 
Let b be an arbitrary finite-dimensional Lie superalgebra. Let u be any involutive 
automorphism of b . Consider the corresponding twisted polynomial current Lie 
superalgebra 

\) = { X{u) G h[u] : u {X{u)) = X{-u) } . 

Proposition 3.6. Suppose that the centre of the Lie superalgebra b is trivial. Then 
the centre of the universal enveloping algebra U(()) is also trivial. 

Proof. We will prove that the adjoint action of f) in the supercommutative algebra 
S(()) has only trivial invariant elements. Choose a homogeneous basis Xi , . . . , X^ 
in b and let 



^r 



where Cpqr G C is a structure constant of b . We put f = if the element Xr G b 
is even and f = 1 if this element is odd. Assume that for some h ^ n we have 
u (Xr) = Xr when 1 ^ r ^ h and u (Xr) = —Xr when h < r ^ n . 

The elements Xrt^ where 1 ^ r ^ /i when s = 0, 2, . . . and h < r ^ n when 
s = 1,3,... form a basis in the Lie superalgebra f) . Let us order the set of the 
pairs (s, r) here lexicographically: 

(0, 1) ^ . . . ^ (0, /i) ^ (1, /i + 1) ^ . . . ^ (1, n) ^ . . . . 



YANGIAN OF THE QUEER LIE SUPERALGEBRA 13 

A basis in the supercommutative algebra S([)) is then formed by aU finite ordered 
products of the elements (XrU^)'^ over the set of pairs (s, r) where d = 0, 1, 2, . . . 
when f = but d = 0,1 when f = 1 . 

Let us now fix any [) -invariant element Y G S(f)) . Let m be the maximal 
integer such that X^u"^ occurs in Y for some index r. Suppose that m is even. 
Then the element y is a finite sum 

di...dh 

where any factor 1^1...^^ ^ S(()) depends only on elements XrU^ G f) with s < m. 
This factor is zero if dp > 1 for some index p ^ h with p = 1 . By our assumption 

(3.7) a.d{Xqu)-Y = 0] q = h + l,... ,n. 

The minimal component of the left hand side of (3.7) that depends on elements 
XrU^~^^ G {) is the sum over di, . . . , dh of the products in S(l)) 

Yd,...d,Y. {X^u^fK..{XpU^Y^-\..{XhU^Y'^ Yl dpCp,r{XrU^+^)-{-iy- 

where 

fp= Y s4(g + f) = Y ^dsp 

if Cpqr 7^ . That component must be equal to zero. So for all g, r = /i + 1 , . . . , n 

J2 "^d,...d, ■ Yl iXiu^'''.. . {Xpu^^y^-K . . {XhU^Y'^ ■ dpCp,r (-1)-^^ = . 

di...dh p^/i 

Thus for any sequence di , . . . , dh of non-negative integers such that dp ^ 1 if p = 1 

(3.8) 5^ ydi...d,+i...d,(rfp + l)cpgr-(-l)-^''=0; Q,r = /i + l,...,n. 

By our assumption we have along with (3.7) the collection of equalities in S(()) 

(3.9) Sid{XqU^)-Y = 0; q = 1,...,/i. 

By considering the minimal component of the left hand side of (3.9) that depends 
on elements Xru"^'^'^ G 1) we get along with (3.8) the equalities 

(3.10) Y '^d,...d,+i...dAdp + l)cpqr-{-iy''=0; Q,r = l,...,/i. 

p^h 

Let us now make use of the assumption that the centre of the Lie superalgebra f) 
is trivial. It implies that the system of linear equations on the variables zi, . . . , Zh 

Y [zp{dp + l)Xp-i-iy'',X,]= 0; q = l,...,n 

p^h 
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has only the trivial solution. Rewrite the latter system as 



n 



and compare the result with (3. 8), (3. 10). We obtain that 1^^...^ +i...dh = for 
any index p = 1 , . . . , /i . The sequence di, . . . , dh here can be chosen arbitrarily. 
So we get y = lo ,...,0 • The case when m is odd can be treated similarly D 

By applying Proposition 3.6 to the quotient Lie superalgebra b = gl^i^/C-i? 
we complete the proof of Theorem 3.4. Before closing this section let us consider 
the images in U(qAr) of the elements Z*^^), Z^^\ . . . G Y(qAr) with respect to the 
evaluation homomorphism ttjv • By the definition (2.12) we obtain from (3.6) that 

TIN : ^^^^ ^ -Y,Fkk = -2E 
and '^ 

ki , . . . , A^s+i 

for each s = 2, 4, . . . where the indices /c, /ci , . . . , kg+i run through ±1 , . . . , ± A^ . 
So the elements nN{Z^'^^), 7r7v(Z'*^'*)), . . . generate the centre of the algebra U(qAr) 
by [SI, Theorem 1]. In particular, we have the following corollary to Theorem 3.4. 

Corollary 3.7. The image of the centre of Y(qAr) with respect to the evaluation 
homomorphism tin coincides with centre of the Z2 -graded algebra U(qAr) . 

Different construction of a distinguished linear basis in the centre of the Z2 -graded 
algebra U(qAr) was given in [N3, Section 4]. In particular, that construction yields a 
qAT -analogue of the classical Capelli identity [C] for the enveloping algebra U(0l^) . 
Results of the next section are underlying for that construction, cf. [N4, Section 3] . 

4. Double of the Yangian 

The general notion of a quantum double was introduced in [D3 , Section 13] . Here we 
consider the quantum double of the Yangian Y(qjv); cf. [S] and [BL, Section 3.3] . 
We employ it to define the universal i? -matrix for the Hopf superalgebra Y(q7v)- 
Firstly consider a complex associative unital Z2 -graded algebra Y*(qAr) with 
the countable set of generators TA where s = 1, 2, ... and i,j = ±1, . . . , ±A^ . 

The Z2 -gradation on the algebra Y*(qAr) is determined by setting deg T^^ * = z+j 
for each s ^ 1 . To write down defining relations for these generators we put 

(4.1) T:^{v) = 5,, ■ I+tI-'^+T^-'^v + tI-'K' + . . . G Y\qN)[[v]] . 
Let us now combine all the series (4.1) into the single element 

T*iv) = Y, m^) ® E,j G Y*(q^) ® End(C^I^) [[v]] . 

Further, for any positive integer n and each s = 1 , . . . , n we will denote 

(4.2) T:{v) = id ® ., {T*{v)) G Y*(q^) ® End(C^I^) ®" [[v]] . 
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Then the defining relations in Y*(q7v) can be written as 

(4.3) T*{u)T*{v) ■ {l^R{u,v)) = {l(SR{u,v)) ■ T;{v)T*{u) , 

(4.4) id®?7 (T*(i;)) =T*(-i;). 

After multiplying each side of (4.3) by w^ — v'^ it becomes a relation in the algebra 

Y*(q^)®End(C^I^)®2[[^,^]]. 

It is equivalent to the collection of relations in the algebra Y*(qAr)[[w,t;]] 

(4.5) {n'-v')-[mu),T*,{v)]-{-ir^+'^+3^ = 

(u+v)- {n{u) n^iv) - n{v) n^{u)) + 

{u-v)- {n.Au)Tl_^{v)-Tl,^,{v)Tl,^^{u)) ■ {-iy + ^ 
for all possible indices i,j and k,l. Then (4.4) is equivalent to the collection of 

(4.6) T:^{-v)=T1,^_^{v). 

There is a natural structure of Z2 -graded bialgebra on Y*(qAr) . Due to (4.3) 
and (4.4) we can define a comultiplication A : Y*(qAr) -^ Y*(qAr) ® Y*(qAr) by 

(4.7) Tt^{v) ^ J2 T:u{v)®n,{v) ■ (_i)(^+^)(.-+^), 

k 

similarly to (2.19). But here the tensor product is taken over the subalgebra Cffz;]] . 
The counit e : Y*(q7v) ^ C is determined so that e : T^- ^"^ 1-^ for s ^ 1 . Note 
that Y*(qAr) is a bi-superalgebra but not a Hopf superalgebra. The antipode is 
defined for a completion Y'(q^) of Y*(q7v) such that T*(0) G Y'(q^)®End(C^I^) 
is invertible. We will construct such a completion later in this section. 

There is a canonical bilinear pairing ( , ) : Y(qjv) x Y*(qAr) -^ C . We shall 
describe the corresponding linear map (3 : Y(q7v) ® Y*(qjv) -^ C The latter map 
will be defined following [RTF, Section 2] so that for all numbers to, n = 0, 1, 2, . . . 

End (C^l^)®- ® Y(q^) ® Y*(q^) ® End (C^l^)®- ^ End (C^l^)®(-+-) ; 

(4.8) Ti{ui)...T^{u^)^T*{vi)...T:{vn)^ Y[ (^ ]]_ Rk,m+i{uk,vi] 

under the map id®/9® id . Here wi , . . . , Um , f^i , • • • , I'n are independent variables 
and the product of the rational functions Rk^m+iiukjVi) should be expaned as a 
formal power series in -u^ , • • • , w"^, vi , . . . , Vn . In particular, when m = n = 
we get the equality (1,1) = 1 . Due to the relations (2. 7), (2. 9) and (4. 3), (4.4) the 
consistency of this definition follows from (2. 10), (2. 11) and (2.8). The following 
lemma describes a basic property of the pairing ( , ) . 
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Lemma 4.1. Let si , . . . , s^n and ri, . . . , r„ 6e any numbers from {1, 2, . . . }. Then 
^ (, )_ _ _ (, ) ( . ) T^r,'] ^ ) ^ ^ Si + . . . + s^ ^ n + . . . + r, 

/or a// rM,n = 0, 1, 2, . . . and any choice of the indices u, ji, . . . , im+mjm+n ■ 

Proof. First suppose that ri , . . . , r^ ^ 2 . Then by our definition the value of the 
pairing in Lemma 4.1 is up to the factor ±1 the coefficient at 

(4.9) E,,,,®. . . ® i?.^^„,^^„ ■ u-^^ . ..u-^- ■ <-i . ..<"-! 

in the expansion of the product in End(C-^l^)® '^"^"'""'^ [["^T^ ■,■■■■, '^^i f^i , • • • , f^n ]] 

where we have used (2.6). If here the coefficient at (4.9) is non-zero then evidently 

Sl + . . . + Sm > ri + . . . + rn ■ 

Now suppose that some of the numbers ri , . . . , r^ are equal to 1. Without loss 
of generality we will assume that ri , . . . , rp ^ 2 and rp+i , . . . , r„ = 1 for some 
p < n. Rewrite the product over the indices kj at the right-hand side of (4.8) as 

n ( n Rk,7n+l{Uk,Vi)j ■ JJ ( JJ Rk,ni+l{Uk,Vi] 

Now the value of the pairing in Lemma 4.1 is up to the factor ±1 the coefficient 
at (4.9) in the expansion of the product 

(4.10) n ( n (i-E^^^.-+'(i+(-i)''^^'^-+^))) ^ 

If here that coefficient is non-zero then si + . . . + Sm ^ fi + ■ ■ ■ + ^p + n — p D 
We will equip the algebra Y*(qAr) with the descending Z -filtration defined by 

( — s) 

assigning to the generator T-j the degree s for any s ^ 1 . The corresponding 
Z -graded algebra will be denoted by grY*(qAr) . The formal completion of the 
algebra Y*(qAr) with respect to this filtration will be denoted by Y'(qAr) . We will 
extend the comultiplication A on Y*(qAr) to the algebra Y'(qjv) , and still denote 
this extension by A . The image A( Y'(qjv)) lies in the formal completion of the 
algebra Y*(qAr) (g) Y*(qAr) with respect to the descending Z -filtration, defined by 

(—r) ( — s) 

assigning to the element T-j T^^ the degree r + s . Indeed, with respect to 
this filtration A(T/ '^ ) is a finite sum of elements of degree not less than r . 
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Let Gj '' GY*(qAr) be the element corresponding to the generator TA ^^ of the 
algebra Y*(q7v) . The algebra grY*(qjv) inherits Z2 -gradation from Y*(q7v) such 



that for any s ^ 1 we have deg tj ^ = i + j . By the relations (4.6) we have 



(4.11) G^:i^ = {-ir+' G^-\ 01. 

Furthermore, we can define a bilinear pairing 

(4.12) ( , ) : grY(qA.) x grY*(q^) ^ C 



by making 
equal to 



\ ^ijl ^mjm ' ^rri+lJm + 1 '^m,-\-n3m-\-n I 



if si + . . . + s^ = ri + . . . + r^ and equal to zero otherwise. Here m, n ^ and 
si , . . . , s^n , ri , . . . , r^ ^ 1 while the indices n, ji , . . . , z^n+n , jm+n are arbitrary. 
This definition is correct due to Lemma 4.1. Now for each s = 0, 1, 2, . . . denote 
by grsY(qAr) and grsY*(q7v) the subspaces of degree s in the Z-graded algebras 
grY(qAr) and grY*(qAr) respectively. 

Lemma 4.2. Restriction of the pairing (4.12) to grsY(qAr) x grsY*(q7v) is not 
degenerate for any s ^ . 

Proof. Fix any integers Si , . . . , s^ , ri , . . . , r^i ^ 1 such that 

Si + . . . + Stji Stji^i + . . . + Syi • 

Without loss of generality we will assume that si^ . . .^ Sm and Sm+i ^ • • • ^ Sn- 
Suppose that ri , . . . , Tp ^ 2 while rp+i , . . . , r^j, = 1 for some p ^ . Now we do 
not exclude the case p = n . Let us consider the coefficient at 



(4.13) u^'' ...u-'^ ■ v['-K..v. 



in the expansion of the product (4.10) as a series in -u^ , • • • , w~^, vi , . . . , Vn ■ By 
our assumptions this coefficient can be non-zero only if m = n and Sk = rk for 
all indices /c = 1, . . . , to. Suppose that this is the case. For r = 1, 2, . . . denote 
by Sr the segment of the sequence 1 , . . . , to consisting of all k such that Sk = r . 
Then the coefficient at (4.13) in the expansion of (4.10) equals 

(4.14) (-1)- ■ n ( E n P,(l),nr+l{l + {-iyj,(l)J^+l) 

r>l g leSr 

where the index g runs through the set of all permutations of the sequence Sr ■ 
Note that the factors in each of the above two products commute. 

Choose any basis in the space gr^ Y(qAr) consisting of monomials t/] . . .t, 7 
such that 

Si>...^S^>l, Si + . .. + Sm = S 
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and 

UG{l,...,iV}, jfcG{±l,..., ±iV} 

for k = 1, . . . , m while the number m ^ can vary. The above argument using 
the expression (4.14) shows that for any two elements of this basis 

t^}l...t^'f and tf^) ,,...tf:^. ^ 

''IJl ^mjm ''m-\-\jm-\-i. ''m-\-nJm-\-n 

the value 

is non-zero only if to = n and for each index /c = 1 , . . . , to we have the equalities 

^m+A; l-k ■> Jm-\-k Jk 7 ^fc ^k ■ 

In the latter case that value up to the factor ±1 is the product albl ... where 
a,b, . . . are multiplicities in the sequence of the triples (ii,ii, si) , . . . , {imjjm, Sm)- 
But the products 

corresponding to elements of our basis in grg Y(qAr) span the space grsY*(qAr) D 

Take the subalgebra g' = u-g in the Lie superalgebra glAr|7v[w] , see definition (1.6). 
Consider the corresponding universal enveloping algebra U(g') . 

Corollary 4.3. The Z2 -graded algebras grY*(qAr) and U{q') are isomorphic. 

Proof. Consider the elements F^j of the universal enveloping algebra of slAriTvfw] 
with s ^ 0, defined by (2.15) . Any relation between these elements follows from 



(2.17), (2.18). On the other hand, the generators G^- * of the algebra gr Y*(q 



s) 



N, 



with s ^ 1 satisfy (4.11). Due to (4.5) they also satisfy the relations 

h,-j G[_xr^ ■ (-1)^+^-+^ - 6.^,1 Gi;^-"-^ ■ {-iy+^+^ 

for all r, s ^ 1 . Therefore one can define a homomorphism of the algebra U(g') 
onto grY*(qAr) by 

But Lemma 4.2 implies that the kernel of this homomorphism is trivial D 

We formulate the main property of the pairing ( , ) as the next proposition. 

Proposition 4.4. The bilinear map ( , ) : Y(q7v) x Y*(qAr) ^ C is non- degenerate 
bi- superalgebra pairing. 

Proof. Lemma 4.1 and Lemma 4.2 show that the pairing ( , ) is non-degenerate. 
Due to (2.19) and (4.7) the definition (4.8) implies that for any X,Y e Y(q7v) and 
X', Y' e Y*(qjv) we have 

(4.15) {XY,X') = {X®Y,A{X')) and {X,X'Y') = {A{X),X'®Y') 
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where we employ the convention 

(X®y, X'®Y') = {X,Y) {X\ Y') ■ (-1) ^^g ^''^^s ^ 

for the homogeneous elements X and Y' . Also by definition we have ( 1 , 1 ) = 1 . 
Moreover, by setting n = in the definition (4.8) we get for any si , . . . , s^, ^ 1 

Thus {X , 1 ) = e{X) for the counit e on Y(qAr) . Furthermore, by setting m — Q 
in Lemma 4.1 we obtain for any ri , . . . , r„ ^ 1 

Therefore (1,X') = £(X') for the counit e on Y\(\n) □ 

By Lemma 4.1 the pairing Y(qAr) x Y*(qAr) -^ C extends to Y(qAr) x Y'(qAr) . Let 
us now choose any linear basis in the vector space Y(qAr) . An element of this basis 
will be denoted by Yg- . There is a system of vectors Y'^ G Y'(qAr) dual to this 
basis. The formal sum of elements from Y'(qAr) ® Y(q7v) , 

a 

does not depend on the choice of basis in Y(qAr) . It is called the universal R-matrix 
for the Yangian Y(q7v) • The double of the Yangian is an associative complex unital 
algebra VY^c^^) which contains Y(qAr) and Y*(qAr) as subalgebras. Moreover, it 
is generated by these two subalgebras. We also impose the relations 

(4.16) 7^ ■ A(X) = A° (X) ■ 7^ , X eY*{(\N) 

where A° is composition of the comultiplications A onY*(qAr) with the involutive 
automorphism 6 of the algebra Y*(qjv)®Y*(qjv) • Either side of the equality (4.16) 
makes sense as a formal sum of elements from Y'(q7v) (g) 'DY{c[n) ■ 

The equalities (4.15) imply that for the comultiplications A on Y(qAr) , Y'(qAr) 

(4.17) A®id(7^) =7^l3 7^23 , id® A(7^) =7^l2 7^l3 
where 

7^l2 =5^ y'^^a®!, 7^l3 =^ y"®i®y^, 7^23 =5^ i^y'^^a- 

(7 a (J 

It follows from (4.17) that 1Z~^ = id S {IZ) for the antipodal map S on Y(qjv) • 
Let us now regard the parameter z in the definition (2.20) as a formal parameter. 
Then we get a representation Y(qAr) -^ End(C^I^) [z] . We will denote it by pz- 
Moreover, by comparing (2. 8), (2. 11) to (4. 3), (4. 4) respectively we obtain that 

(4.18) Y*(qAr)®End(C^I^)[[z;]]^End(C^I^)®2[[2-i,^,]] : T\v) ^ R{z,v) 

determines a representation Y*(q7v) -^ End(C^I^) [-2"^]- We will denote it by p* . 
More explicitly, for each index s ^ 1 we have 

Pi-- T^r^ - -{E,,z-^ + E.,,.U-z)-^).{-lf. 

Therefore we can now extend p* to a representation Y'(qjv) -^ End(C^I^) [[-2~^]] . 
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Proposition 4.5. We have p* ® id (7^) = T{z) and also id ® p^ (7^) = T*{z) . 

Proof. By tlie definition of our canonical pairing Y(q7v) <S> Y*(q7v) -^ C, for any 
m ^ the element T*{z) G Y*(qAr) O End(C^I^) [[z]] has the property that 

End(C^I^)®'^®Y(q7v)®Y*(qA.)®End(C^I^) ^ End(C^I^)® ^"^+1) : 

Ti{ui) ...Tm{Um) ®T*{z) ^ Ri^rn+l{ui,z) . . . Rm,m+l{Um , z) 

under the map id®/?® id . To get the second equality in Proposition 4.5 it suffuces 
to show that the element id ® pz (TZ) E Y'(qAr) ® End(C^I^) [z] has the same 
property. Due to the definition of the element TZ the latter property amounts to 

id®p, : End(C^I^)®"^®Y(qAr) ^ End(C^I^)®"^+^ : 

Ti(wi) ...Tm{Uni) ^ Rl,m+l{Ul , Z) . . . Rm,m+l{Um , z) 

which holds by (2.20). Proof of the first equality in Proposition 4.5 is similar D 

Corollary 4.6. Representations pz of Y(qAr) and p* of Y*(qAr) determine a 
representation of the algebra 'DY(qAr) in End(C^I^) [2, z""*^]. 

Proof. According to (4.16) we have to verify for any X G Y*(qAr) the relation 

(id®p„(7^)) ■ (id®p:(A(X))) = (id®p:(A'(X))) ■ (id®p.(7^)) 



in Y'(q7v) ® End(C^I^) [u, u'^] . It suffices to set here X = T-*{v) . Due to the 
definitions (4.7) and (4.18) the collection of the resulting relations for all indices 
i, j is exactly the defining relation (4.3) D 

To write down commutation relations in the algebra DY(qAr) we will use the tensor 
product End(C^I^) ® VY{qN) ® End(C^I^) . There is a natural embedding of 
the algebra End(C-^l-^)®^ into this tensor product: X^Yi-^X^l^Y for any 
elements X^Y E End(C^I'^) . Denote by R{u^v) the image of (2.6) with respect 
to this embedding. Then we obtain another corollary to Proposition 4.5. 

Corollary 4.7. In End(C^I^) ® r'Y(q7v) ® End(C^I^) [[-u"!, -y]] we have 
(4.19) {T{u)®l)-R{u,v)- {l®T*{v)) = {l®T\v)) ■ R{u,v) ■ (T(w) ® l) . 

Proof. Put X = T*j{v) in (4.16). Apply the homomorphism p*®id to the resulting 
equality and use the definition (4.7). Then we get the equality 



in End(C^I^)®r'Y(qjv) [['U"\t']] by Proposition 4.5. Due to the definition (4.18) 
the collection of the above equalities for all indices i,j is equivalent to (4.19) D 
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Theorem 4.8. The relation (4.19) implies the defining relations (4.16). 

Proof. Let ^1,^2,... be independent formal parameters. For each n = 1,2,... 
take the tensor product v* of the representations p* : Y'(q7v) — ^ End(C^I^) [[2"^]] 
with z = ui, . . . ,Un ■ Using our descending Z-fihration on the algebra Y*(qAr) 
and Corollary 4.3, we can prove that the kernels of all representations z/* have zero 
intersection. The proof is similar to the proof of Proposition 2.2 and is omitted 
here. Hence it suffices to derive from the relation (4.19) that for any X G Y*(qAr) 

(4.20) z/* ® id (7^ ■ A(X)) = z/* ® id ( A° {X) ■ 7^) . 

Let us again use Proposition 4.5 along with the definition (4.7). The collection of all 
equalities (4.20) for X = T*- (v) with various indices i , j can be written as the single 
relation in the algebra End(C^I^)®'" ® VY{qN) ® End (C^l^) [[w^^ ,...,u-\v]] 



{Ti{ui) . . .Tn{Un) ® 1) ■ Rl^n+l{Ul,v) . . .Rn,n+liUn,v) ■ {l'S)T*{v)) = 
(4.21) {l^T*{v))-Rl,n+l{uuv)...Rn,n+l{Un,v)-{Ti{ui)...T^{Un)®l) 

where Ri^n+i{ui, v) , . . . , Rn,n+i{un, v) are respectively the images of the elements 



i?i,^+i(tii,t;), ... , R^,^+i{ur,,v) G End(C^I^)®(-+i)[[wr': 



,uj,v] 



under the natural embedding of the latter algebra to the former one. But using (4.19) 
repeatedly, we obtain (4.21) D 

Thus we have proved that the relations (4.19) together with the relations (2. 7), (2. 9) 
and (4. 3), (4. 4) are defining relations for the algebra VY{qis[) ; cf. [KT, Section 2] . 

5. Representations of the Yangian 

Here we construct a wide class of irreducible representations of the algebra Y(qjv) , 
by using irreducible represenations of a certain less complicated algebra An where 
n = 1, 2, . . . is arbitrary. The algebra An was introduced in [N2] and called the 
degenerate affine Sergeev algebra, in honour of the author of [S1,S2]. This is an 
analogue of the degenerate affine Hecke algebra, which was employed in [D2] to 
construct irreducible representations of the Yangian Y(g[^) of the general linear 
Lie algebra gt^ . Results presented in this section were reported for the first time 
in the summer of 1991 at the Wigner Symposium in Goslar, Germany. They were 
also reported in the autumn of 1992 at the Symposium on Representation Theory in 
Yamagata, Japan. Non-degenerate affine Sergeev algebra is defined in [JN], cf. [02]. 
Consider the crossed product Hn of the symmetric group 5"^ with the Clifford 
algebra over the complex field C on n anticommuting generators. These generators 
are denoted by ci , . . . , c^ and are subjected to the relations 

Cp=-1, CpCq = -CqCp if P J^ Q . 

The group 5'^ acts on the Clifford algebra by permutations of these n generators. 
Let Wpq G Sn be the transposition of two numbers p ^ q. There is a representation 
Hn -^ End(C-^l-^)®'^ determined by the assignments Wpq 1— > Ppq and Cp ^^ Jp , see 
definitions (1.8) and (2.5). The supercommutant of the image of this representation 
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in End(C'^l'^)®"' coincides by [S2, Theorem 3] with the image of the n-th tensor 
power of defining representation U(q7v) -^ End(C^I"'^) . By definition, the complex 
algebra An is generated by the algebra Hn and the pairwise commuting elements 
Xi, . . . , Xn with the following relations: 

(5.1) XpWq^q+i=Wq^q+iXp If p^q.Q + l; 

XpWpp-^-x Wpp-^-xXp-^-x i CpCp-^-x , 

"^p ^Q ^1 "^p V / Q. 1 "^p ^p ^p "^p • 

The algebra An is Z2 -graded so that deg Cp = 1 while deg Xp = deg Wpq = . 

Proposition 5.1. Let Y range over a basis in Hn and let each of si, . . . , Sn range 
over the non-negative integers. Then the products Yx^^ . . . x^ form a basis in An ■ 

Proof. For m = 0, 1, 2, . . . one can define a homomorphism 7^ : An -^ Hm+n by 

im • '^pq ' ^ '^m-\-p,m-\-q 7 Cp I > Cm-\-p , Xp > > / ^ (^ ^\ Cnn-\-pC^ j Wnn-\-p^r • 

l^r<m,+p 

This can be verified directly by (5.1). Suppose that to ^ si + . . . + s„ . Choose for 
every p = 1 , . . . , n a subsequence A^p in 1 , . . . , to of cardinality Sp so that all 
these subsequences are disjoint. Write the image of xl^ . . . x^ under 7^ as a linear 
combination of the elements Cr ■ ■ -Cr'W G Hm+n where l^r<...<r'^m-\-n 
and w G Sm+n ■ Consider the terms in this linear combination where w has the 
maximal possible length. Amongst them we find the term 

J_J_ ( J_J_ '^m+p,r 

which allows us to restore the exponents si , . . . , s„ and the basis element Y G Hn 
from the image ■jni^Yxi^ . . . x^") uniquely. 

By using the relations (5.1) every element of the algebra An can be expressed 
as a finite linear combination of the products Yxi^ . . . x^" . Now take any such a 
linear combination and suppose that for all its terms to ^ si + . . . + Sn ■ Then 
the above analysis shows that for all the terms, the images 7TO,(yx{'^. . . x*") are 
linearly independent in Hm+n D 

Along with pairwise commuting generators xi , . . . , x^ we need the non-commuting 
generators 

yp=Xp-^{l + CpCq)wpq] p = l,...,n. 

Observe that the generators yi, . . . , ijn belong to the kernel of the homomorphism 
7o : An -^ Hn as defined in the proof of Proposition 5.1. By using this observation, 

(5.2) •wypw"^ =y^(p), weSn; 

ypCq = Cqyp if pj^q, ypCp = -Cpyp. 

Relations (5.1) and relations in the first line of (5.2) yield the commutation relations 



w 



pq 



[yp-:yq] =yp-yq+CpCq{yp+yq) 



for the generators yp, yq with arbitrary indices p, g = 1 , . . . , n . 
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Now take the tensor product of the Z2 -graded algebras End (C^'^)®"" and An ■ 
Since the elements xi^ . . . , Xn E An pairwise commute, the assignment 

End(C^I^)®Y(q^)[[w-i]] ^ End (€^1^)®^"+^) ® ^^ [[«"']] : T{u) ^ 

(5.3) TT fl-Pi,p+i® + Pi,p+i Ji Jp+1 ® — ) 

,^t^ U-Xp U + Xp/ 

determines a homomorphism Y(qAr) -^ End(C^I^)®"' Cg> An , see (2.6) and (2.22). 
As usual, the fractions l/{u±Xp) in (5.3) should be expanded as formal power series 
in u~^ . The next proposition is a key to our construction, cf. [BGHP, Section 2.1] . 

Proposition 5.2. a) The difference between the product (5.3) and the sum 

1 1 

(5.4) 1 - V Pi,p+i ® + V Pi,p+i Ji Jp+i ® — 

,fir ^~yp a7^ u + yp 

belongs to the left ideal in the algebra End(C'^l'^)®*^"'+"^^ (g) ^n [[w""*^]] generated by 
all the elements 1 — Pp^i^g^i (g) Wpq and 1 — Jp+i Jq+i ® CpCg with p ^ q ■ 

b) The sum (5.4) commutes with the elements Pp+i^g+i ® Wpq and Jp+i ® Cp . 

Proof. Part (b) immediately follows from the relations (5.2). To prove (a), we will 
use induction on n . When n = 1 , the equality xi — yi provides the induction 
base. Suppose that n > 1 and that Proposition 5.2 is true for n — 1 instead of n . 
Then the difference between (5.3) and (5.4) equals 

- ( 1 - y^ Pi,p+i ® \- y^ Pi,p+i Ji jp+i (g) — ■ — I X 

V -^^ u — yp ^-^ u + yp 

1 „ . . 1 



( Pl,n+1 ® Pi^n+lJlJn+1 ® \ ) + 

V U — Xn U + Xn / 

( -Pl.n+l ® Pl,n+lJlJn+l 



u-yn u + yr. 

Up to the terms divisible on the right by l — Pp+i^n+i^Wpn or 1 — Jpj^iJn+i^CpCr, 
with 1 ^ p < n , the above sum equals 



Pl,n+1 ® + > 



1 1 ,r^ 1 / 1 1 

, J , ' I C-nCp I Wpn I ~r 

-U-l/n W-a^^n ^^^^U- Xn\U-yp U + Vp 

n,n+l-'l-'n+l ® ^ ^ K > ^ ^ ] \ CnCp Wpn 

\U + Xn u + yn ^^^U + Xn\U + yp U - yp J 

where we have used the fact that Xn commutes with yi , . . . , yn-i ■ In these two 
lines, the second tensor factors differ by changing w to — w . It suffices to show that 
in the first line, the second tensor factor equals zero in An [[u~^]] ■ Multiplying this 
tensor factor on the left by u — Xn, on the right by u — yn, and using the relations 
(5.2) in An we get the sum 



{u-Xn)-{u-yn)+ ^ [l + CnC 

l^p<n 



p f Wpn ■ 



But this sum equals zero by the definition of the element yn ^ An □ 
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Take any representation ^ : An -^ End(t/) where the complex vector space U 
is Z2 -graded, but not necessary finite-dimensional. The algebra End(t/) is then 
Z2 -graded. We assume that the homomorphism ^ preserves Z2 -gradation. 

Take the tensor product of vector spaces (C-^l-^)® "■ jj . "We identify the tensor 
product End(C^I^)®" ® End(t/) with the algebra End ((C^l^)®" ® U) so that 

{A0B)-{a0b) = (Aa) (Bb) ■ (-1)^"^ « deg b_ 

for any homogeneous a G (C^l^)®", b e U and A E End(C^I^)®'", S e End(t/). 
There is an action of the hyperoctahedral group Sn x '^2 ^^ (^([^N\N^0n ^ jj _ rpj^g 
transposition tOpg G 5"^ acts as the operator Ppq ^^{wpq) while the generator of 
p-th direct factor Z2 in Z2 acts as the operator Jp^^ (cp) ■ \/^ . Denote by a this 
action. Let V be the space of co -invariants with respect to a . This is the quotient 
space of (C^l^)®"^ (g) JJ with respect to the subspace spanned by the images of all 
the operators a{g) — l with (7 G S'^j x Z2 . Each of these operators has Z2 -degree 
zero, therefore the vector space V inherits Z2 -gradation from (C^l-^)®" jj _ 

Let us expand the element (5.4) of End(C^I^)®("+^) (g) An[[u-^]] relative to 
the basis of standard matrix units in the first tensor factor End(C^I'^) . Then for 
s = 0, 1, 2, . . . the coefficient in (5.4) at EijU''-^ G End(C^I^) [[u-^]] is 

J2 {ip{E,,) + {-irip{E-j,-,))^y;-{-iy+' G End(C^I^)®-®^, 

where tp denotes embedding of End(C^I^) to End(C'^l^)®" as the p-th tensor 
factor. All these coefficients commute with the elements Ppq Wpq and Jp Cp in 
the algebra End(C'^l^)®" ^ An by part (b) of Proposition 5.2. By part (a), one 
can now define a representation of the Z2 -graded algebra Y(qAr) in V by assigning 
to the generator T^J with s ^ the action, induced in V by the operator 

(5.5) Y. {h(Ej^) + {-iriAE-j,-r))®c{y;)-{-iy^' 

in the space (C^'^)®"® t/ . Correspondence U ^-^ V is the Y(q at) -analogue of the 
Drinfeld functor [D2] for the Yangian Y(0l^) . Denote our correspondence by J-'n ■ 
For any positive integer n' consider the tensor product An ^An' of Z2 -graded 
algebras. It is isomorphic to the subalgebra in An+n' generated by transpositions 
Wpq where l^p<q^norn + l^p<q^n + n', along with all the 
elements Cp and Xp where 1 ^ p ^ n + n' . Take any Z2 -graded representation 
^' : An' — ^ End(t/') . Consider the representation of the algebra An+n' induced 
from the representation of An ^ An' in U ®U' . The algebra An+n' acts in the 
vector space An+n' ®U ®U' via left multiplication at the first tensor factor. We 
realise the induced representation in the quotient space of An+n' ®U ®U' by the 
following relations: for homogeneous b E U , b' E U' , X E An+n' , Y G An , Y' G An' 

(5.6) (XZ) ®b(E)b' =X^{C{Y)b)^ {C'{Y') b') ■ (-l)'^^g ' '^^s ^' 

where Z stands for the image of Y ^ Y' E An ® An' in the algebra An+n' ■ Let 
us denote by U QU' this quotient space. 

Consider the representation of the algebra Y(qAr) in the space V = J-'n{U') . 
Determine a representation of Y(qjv) in V ^V using the comultiplication (2.19). 
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Proposition 5.3. Representation of the algebra Y(qAr) corresponding to U Q U' , 
is equivalent to the representation of Y[(\n) in V ®V' . 

Proof. By definition, V®V' is a quotient space of (C^I^)®'"®t/®(C^I^)®"'®t/' . 
Identify the latter tensor product with [£,^\^"^®{^+^ "> ®U ®U' via the linear map 

a®h®a' ®h' ^ a®a' ®h®h' ■ (-1) '^"s «' deg h _ 

Let W be the quotient space of (C^l^)® ('"+'"') Ot/Ot/' corresponding to V ®V' . 
To determine the action of the algebra Y(qAr) in VF , we can use the representation 
Y(qjv) -^ End (C^l^)® (''+''') ® End(t/) ® End(t/'), with respect to which the 
element T{u) G End(C^I^) ® Y(qAr) [[w~^]] is represented by the product 



n ( 1 - ^i-P+i ® 1( ^^1 + Pi,p+iJiJp+i ® ^,, . ^ ) 



X 



l^p^n 



JJ 1 - Pl,n+g+l ® + Pl,„+q+l Jl J„+g+l ^ 



in the algebra End(C^l^)® ('^+'^'+1) ® End(t/) ® End(t/') . Here we used (2.19). 

The space of the representation of Y(qAr) corresponding to t/Qt/' , is a quotient 
space of {cN\N^^®{n+n') ^ ^^^^, ^U^U' . The assignment 

induces an isomorphism of W to this quotient. This isomorphism commutes with 
the action of the algebra Y(qAr) , since by (5.6) for any 1 ^ p ^ n and 1 ^ g ^ n' , 
the actions of Xp and x^+q on the class of 1 ®h®h' in U &U' yield the classes 
of 1 ^ (xp) h®h' and l®h® ^' {h') respectively D 

To give an example of the correspondence J^n : U ^^ V , consider any principal 
series representation of the algebra An ■ This is the representation induced from 
a character x of the commutative subalgebra in An generated by xi , . . . , x„ . 
Note that this subalgebra is maximal commutative by [N2, Proposition 3.1]. Take 
character x such that x(xi) = ^i , . . . , xi^n) = -Zn in C . Due to Proposition 5.1, 
the space t/z^...2„ of the corresponding principal series representation of An is 
identified with algebra Hn , which acts on itself via left multiplication. The action of 
Xp E An is then uniquely determined by the assignment 1 ^^ Zp in the space Hn ■ 

Corollary 5.4. The representation of the algebra Y{q]^) corresponding to Uzj^...z„ 

is equivalent to the representation (2.22). 

Proof. The representations of the algebra vA^ in Uzj^...z„ and 11^-^ ... Uz„ are 
equivalent. Due to Proposition 5.3 it suffices to consider the case n = 1 . The space 
of the representation of Y(q7v) corresponding to U^ is the quotient of C^'-^ Hi 
by the relations 

a ci ■ V^ = (Ja) 1 ■ (-l)'^"^ a 

for homogeneous a E C^^^ . Assignment a0l h^ a induces an isomorphism of this 
quotient to C"^'^ . By (5.5), for any s ^ the generator TJ;^ G Y(qAr) acts on 

the vector a0l G C^^^ ^U^ as the operator [Eji^z'' + E-j^-i^{-zy) ■{-1)^'^^ . 
Comparing this with the definition (2.21), we complete the proof D 

Let us use the notion of a Z2 -graded irreducibility. When the Z2 -graded vector 
space U is finite-dimensional, the representation ^ in U will be called irreducible 
if any Z2 -graded subspace in U preserved by ^ is either the zero space or U itself. 
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Theorem 5.5. Suppose that the representation of the Z2 -graded algebra An in U 
is finite- dimensional and irreducible. Then the finite- dimensional representation of 
the TLi -graded algebra Y(qAr) in V is also irreducible. 

Proof. We extend the arguments from [A, Section 4] . The algebra Y(qAr) contains 
the enveloping algebra U(qAr) as a subalgebra, see (2.13). Representation of this 
subalgebra in (C^l-^)®"^ U is the tensor product of n copies of the defining 
representation in C^'^ and the trivial representation in t/, see (5.3). Let Vq 
be any non-zero Z2 -graded subspace in F = J-'n{U) , preserved by the action of 
Y(qjv) . In particular, Vq is preserved by the action of U(qAr) . By [S2, Theorem 3] 
there is a Z2 -graded subspace Uq C U preserved by ^(if^) , such that Vq C F 
corresponds to Uq . Assume that for any non-zero vector h eUq the image in Vq 
of the subspace (C^l^)®"®6c (C^l^)®"®t/o is not zero. Since i is irreducible, 
i{An) -Uq — U. Let us show that the subspace Vq C F is also Y(qAr) -cyclic. 

Consider the representation of the algebra An induced from the representation 
of its subalgebra H^ in t/g ; Os a quotient of this induced representation. Thus 
instead of ^ it suffices to take the induced representation. Realise it in the quotient 
space U' of An ® Uq with respect to the relations (XY) i^b = X (^(y)6) for 
all homogeneous X E An^Y & Hn and b E Uq ■ Instead of the subspace Uq C U 
it suffices to take the image of the subspace 1 ^ Uq C An ^ Uq in this quotient. 
Then we have to prove that the subspace in V = J-'n {U') corresponding to the 
image in U' of 1 ® t/o , is Y(qAr) -cyclic. 

There is an ascending Z -filtration on the algebra An such that any generator Xp 
is of degree one while Wpq and Cp are of degree zero, see (5.1). The filtration on An 
induces an ascending Z-filtration on the vector space (C^l^)®"- ^An ® t/o and on 
its quotient V . This filtration on V is compatible with the action of the algebra 
Y(qAr) , when it is Z -filtered so that the degree of the generator T^^ Ms s . But 
the corresponding Z -graded algebra is isomorphic to U{q) , see Theorem 2.3. The 
corresponding Z -graded action of U{q) can be realised in the space of co-invariants 
under the action of the group 5'„kZ2 in (C^I'^)®"(8)t/'o®C[xi , . . . , a:„] . Here the 
action in (^c^l-^)®"- ^ jj^ jg determined by a while the action in C [xi , . . . , Xn] is 
standard: any permutation w E Sn acts as Xp \-^ x^(^p) , the generator of the g-th 
factor Z2 in Z2 acts as Xp 1-^ {—lY^'^Xp. Let W be this space of co -invariants. 
The Z -graded action of the algebra U{q) in W is induced by its action in the space 
(C-^l-^)®"(8>t/o®C[xi , . . . , Xn] , where the generator F^? G g acts as the operator 

We have to prove that the subspace Vq®1 <ZW is cyclic under the action of U(g) . 
Let «!,...,«„ be complex variables. Let ujn be the supersymmetrisation map 
in the space 

(End(C^I^)M)®" = End(C^I^)®"[tii, ... , wj, 

as in the proof of Proposition 2.2. We have normalised this map so that w"^ — Wn ■ 
Consider the homomorphism V{q) -^ End(C'^'^)®'^[wi , . . . , Un] determined by 



(5.7) Flp ^ J2 ihiE^J) + {-ly ^p{E-.,-j)) 



YANGIAN OF THE QUEER LIE SUPERALGEBRA 27 

Image of U{q) under this homomorphisin consists of all polynomials F{ui , . . . , u^) 
valued in End(C'^l'^)®"^ which are ti7„ -invariant and for each p = 1, . . . , n satisfy 

(id®(P-i)®r7®id®("-P))F(wi,...,wJ=F(wi,...,-Wp,...,^.J. 

This follows from the Poincare-Birkhoff-Witt theorem for Lie superalgebras. 

Now consider the subspace in (^c-^l-^)®"- f/o ® C [xi , . . . , Xn] consisting of all 
invariants under the action of the group 5'^ x Z2 . Denote by VF* this subspace. 
Also consider the subspace Wq in the tensor product (C^'^)®"^ ® t/o consisting of 
all ct- invariants. We shall prove that the subspace Wq is cyclic under the action 
of the algebra End(C'^l'^)®" in the first tensor factor. The above description of 
the image of U{q) under (5.7) will then imply, that the subspace Wq ® 1 C VF* is 
11(0) -cyclic. But this will yield U{q) -cyclicity of the subspace Vq ® 1 C VF . 

Take any a -invariant inner product ( , ) on the vector space (^C-^l-^)®"- (g) Uq . 
Now suppose that the subspace Wq C (C^I^)®''®[/o is not End (C^l^)®"- cyclic. 
Then we have ( (^^N\N^®n ^ ^^ VKq) = {0} for some non-zero vector b E Uq . But 
this contradicts to our initial choice of the subspace Uq dU D 

A method for constructing the irreducible finite-dimensional representations of the 
algebra An was developed in [N2]. Restriction of any such representation U to the 
subalgebra H^ C An is a quotient of the left regular representation of H^ ■ The re- 
striction of the corresponding representation V of Y(qAr) to the subalgebra U(qAr) 
is then a quotient of the representation of \]{c[n) iu (C^'^)®"^. But there are 
irreducible finite-dimensional representations of the algebra U(qAr) , which do not 
appear as quotients of the representation in (^c^l^)®"^ for any n , see [P]. Thus our 
correspondence U ^^V cannot provide all irreducible representations of the algebra 
Y(qjv) ■ It would be interesting to give a parametrisation of all irreducible finite- 
dimensional representations of the algebra Y[c[n) ; cf. [D4, Theorem 2] and [M]. 
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